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Abstract

The natural frequencies for bending vibrations of Timoshenko cracked beams with simple boundary
conditions have been obtained. The beam is modelled as two segments connected by two massless springs
(one extensional and another one rotational). This model promotes discontinuities in both vertical
displacement and rotation due to bending, which are proportional to shear force and bending moment
transmitted by the cracked section, respectively. The differential equations for the free bending vibrations
are established and then solved individually for each segment with the corresponding boundary conditions
and the appropriated compatibility conditions at the cracked section. The problem is also solved by the
perturbation method and both procedures are applied to the case of a simply supported cracked beam. The
results show that the perturbation method provides simple expressions for the natural frequencies of
cracked beams and it gives good results for shallow cracks.
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1. Introduction

It is well known that cracks reduce the natural frequencies of a structure because it becomes
more flexible. This fact has been extensively used to detect the presence, size and location of cracks
in a structural component. (See, for instance Refs. [1–14].)
The analysis to detect, locate and quantify the extent of damages in beams from the knowledge of

their vibratory characteristics falls within what is known as ‘‘inverse problems’’. To address the
solutions of an inverse problem it is necessary to know the solutions of the named ‘‘direct problem’’,
i.e. the determination of natural frequencies of cracked beams knowing the crack parameters.
Natural frequencies of cracked beams can be obtained by 2-D or 3-D numerical analysis using

the Finite Element Method (FEM). Alternatively, simplified procedures are available with less
computational effort. Among these simplified methods are those proposed by Christides and Barr
[15] and Shen and Pierre [16,17]. In both cases, a crack function representing the perturbation in
the stress field induced by the crack is considered. Chondros et al. [18] have developed a
continuous cracked beam vibration theory. They considered that crack introduces a continuous
change in the flexibility in its neighborhood and models it by incorporating a displacement field
consistent with the singularity.
In other cases, the cracked beam is modelled as two segments connected by means of massless

rotational springs [19], whose stiffness may be related to the crack length by the Fracture
Mechanics theory [20]. Thus, at the cracked section a discontinuity in the rotation due to bending
must be considered. This kind of models has been successfully applied to Euler–Bernoulli cracked
beams with different support conditions [6,21–25].
The perturbation method has been used by other authors [3,26,27] to calculate the variation of

natural frequencies induced by cracks in Euler–Bernoulli beams.
For the case of Timoshenko beams, where the effects of shear deformation and rotary inertia

are non-negligible, Carneiro and Inman [28] have developed a continuous model for the transverse
vibrations of the cracked beam.
Lele and Maiti [10] have modelled the presence of a crack by means a rotational spring as in the

Euler–Bernoulli cracked beam problem. Krawczuk et al. [29] used the same crack model to
develop a spectral finite element for the Timoshenko cracked beam. However, the cited authors do
not consider any discontinuity in the transverse deflection at the cracked section. Nevertheless,
this discontinuity must be taken into account from the analysis of local flexibility of a cracked
beam element (according to Okamura et al. [30] and Tharp [31]). On the other hand, to the
author’s knowledge the perturbation method has not been used to obtain the natural frequencies
of bending vibrations of Timoshenko cracked beams.
In this paper, natural frequencies of bending vibrations of Timoshenko cracked beams have been

obtained. The beam is modelled as two segments connected by two massless springs (one extensional
and another one rotational). The differential equations for the free bending vibrations are established
and then solved individually for each segment with the corresponding boundary conditions and the
proper compatibility conditions at the cracked sections. The compatibility conditions include a
discontinuity in the rotation due to bending as well as a discontinuity of the transverse deflection at
the cracked section. This problem has also been solved by the perturbation theory.
Finally, both methods are used to obtain solutions for the case of a simply supported cracked

beam.
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2. Problem formulation

Consider an uncracked Timoshenko beam of length L, uniform cross-section A and moment of
inertia about the neutral axis, I, with specified boundary conditions. The coupled equations of the
free bending vibrations of this beam are given by [32]:

rA
q2vðx; tÞ

qt2
¼ kGA

q2vðx; tÞ
qx2

�
qcðx; tÞ

qx

� �
, (1)

rI
q2cðx; tÞ

qt2
¼ kGA

qvðx; tÞ

qx
� cðx; tÞ

� �
þ EI

q2cðx; tÞ
qx2

, (2)

where vðx; tÞ and cðx; tÞ represent, respectively, the transverse deflection of the beam and the
rotation due to bending, r is the material mass density, E is the Young modulus, G is the shear
modulus and k is a coefficient introduced to account for the geometry-dependent distribution of
shear stress.
The solution can be found by using the separation of variables method as:

vðx; tÞ ¼ LV ðxÞeiot;cðx; tÞ ¼ CðxÞeiot, (3)

where o is the natural frequency of vibrations. Substituting Eq. (3) into Eqs. (1) and (2) and using
the new variables and constant given by

x ¼
x

L
; l2 ¼

rA

EI
L4o2; r2 ¼

I

AL2
; s2 ¼

EI

kAGL2
,

Eqs. (1) and (2) are transformed into

V 00ðxÞ þ l2s2V ðxÞ �C0ðxÞ ¼ 0, (4)

s2C00ðxÞ � ð1� l2r2s2CðxÞÞ þ V 0ðxÞ ¼ 0, (5)

where ð�Þ0 represents the derivative with respect to x. These equations must be solved with the
boundary conditions depending on the end supports as follows:
Simply supported end

V ¼ C0 ¼ 0. (6)

Fixed end

V ¼ C ¼ 0. (7)

Free end

C0 ¼ 0; V 0 �C ¼ 0. (8)

The solution of this problem can be found, for instance, in Ref. [33].
Consider now that the beam has a crack of length a located at a distance L� ðe ¼ L�=LÞ from

the left support. It is assumed that the crack always remains open. The cracked beam has been
treated as two beams connected by two elastic springs (a rotational and an extensional) at the
cracked section (Fig. 1). The stiffness of the springs depends on the crack depth and on the
geometry of the cracked section. This model leads to discontinuities in both vertical displacement
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and rotation due to bending, proportional to shear force and bending moment transmitted by the
cracked section, respectively, i.e. [30,31]

Dv ¼ CqkGA
qvðx; tÞ

qx
� cðx; tÞ

� �����
x¼L�

, (9)

Dc ¼ CmEI
qcðx; tÞ

qx

����
x¼L�

. (10)

Cq and Cm are the flexibility constants of the springs and can be calculated as

Cq ¼
W

EA
q ða; geometry of the cross-sectionÞ,

Cm ¼
W

EI
Y ða; geometry of the cross-sectionÞ,

where W is the width of the beam, qðaÞ and YðaÞ are functions depending on the crack ratio
a ¼ a=W and the beam cross-section geometry. In the case of a rectangular section, the function
qðaÞ can be written as [34]

qðaÞ ¼
a

1� a

� �2
ð�0:22þ 3:82aþ 1:54a2 � 14:64a3 þ 9:60a4Þ (11)

and the YðaÞ function has the form [35]

YðaÞ ¼ 2
a

1� a

� �2
5:93� 19:69aþ 37:14a2 � 35:84a3 þ 13:12a4
� �

. (12)

In this way, the strain energy of the cracked beam should be the same as that of the two beams
connected by the two springs. The contribution of the extensional spring to the strain energy of
the system is small in comparison with that of the rotational spring and many authors neglect this
effect to analyze the cracked beam dynamic behavior [10,14,29]. However, we have included here
the presence of an extensional spring at the crack location (and the corresponding discontinuity in
the vertical displacement) for coherency with the general derivation of compliance for the cracked
beams presented by Okamura et al. [30], (see also the work by Tharp [31]).
Fig. 1. Beam with a transverse edge crack: (a) Dimensions of the beam and position of the crack, (b) model for the

cracked beam.
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Thus, the equations for the two segments are the following:

V 001ðxÞ þ L2s2V1ðxÞ �C01ðxÞ ¼ 0; 0oxoe, (13)

s2C001ðxÞ � ð1� L2r2s2C1ðxÞÞ þ V 01ðxÞ ¼ 0; 0oxoe, (14)

V 002ðxÞ þ L2s2V2ðxÞ �C02ðxÞ ¼ 0; eoxo1, (15)

s2C002ðxÞ � ð1� L2r2s2C2ðxÞÞ þ V 02ðxÞ ¼ 0; eoxo1, (16)

L being the frequency parameter of the cracked beam, that can be related to its natural frequency,
oc, by

L2 ¼
rA

EI
L4o2

c . (17)

The above four equations must be solved with the specified boundary conditions and the
following compatibility conditions at the cracked section:
Jump in the vertical displacement:

DV ¼ V2ðeÞ � V1ðeÞ ¼
W

L

r2

s2
qðaÞðV 02ðeÞ �C2ðeÞÞ. (18)

Jump in the rotation due to bending:

DC ¼ C2ðeÞ �C1ðeÞ ¼
W

L
YðaÞC02ðeÞ. (19)

Continuity of the bending moment:

C02ðeÞ ¼ C01ðeÞ. (20)

Continuity of the shear force:

V 02ðeÞ �C2ðeÞ ¼ V 01ðeÞ �C1ðeÞ. (21)

In the following sections, direct and approximate solutions obtained by the perturbation
method are provided for the natural frequencies of the cracked beam.
3. ‘‘Direct solution’’

A direct solution for the natural frequencies can be achieved by analyzing separately the two
segments lying on either side of the crack. The solution for each segment V1ðxÞ and C1ðxÞ for the
left part and V2ðxÞ and C2ðxÞ for the right part can be written as [10,13,14]

V1ðxÞ ¼ C1 cosh b1 xþ C2 sinh b1xþ C3 cos b2xþ C4 sin b2x, (22)

C1ðxÞ ¼ m1C1 sinh b1xþm1C2 cosh b1x�m2C3 sin b2xþm2C4 cos b2x, (23)

V2ðxÞ ¼ C5 cosh b1xþ C6 sinh b1xþ C7 cos b2xþ C8 sin b2x, (24)

C2ðxÞ ¼ m1C5 sinh b1xþm1C6 cosh b1x�m2C7 sin b2xþm2C8 cos b2x, (25)
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b1, b2, m1 and m2 being

b1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�d1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

1 � d2Þ

qr
; b2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

1 � d2Þ

qr
,

m1 ¼
b21 þ Ls2

b1
; m2 ¼

b22 � Ls2

b2
,

with

d1 ¼
L2ðr2 þ s2Þ

2
; d2 ¼ L2ðr2s2L2 � 1Þ.

Expressions (22)–(25) are valid for the case

r2s2L2o1. (26)

If the above conditions are not satisfied, then

b1 ¼ j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd2

1 � d2Þ

qr
¼ jb01 (27)

with j ¼
ffiffiffiffiffiffiffi
�1
p

, and the solutions are now given by

V1ðxÞ ¼ C1 cos b01xþ jC2 sin b01xþ C3 cos b2xþ C4 sin b2x, (28)

C1ðxÞ ¼ jm1C1 sin b01xþm1C2 cos b01x�m2C3 sin b2xþm2C4 cos b2x, (29)

V2ðxÞ ¼ C5 cos b01xþ jC6 sin b01xþ C7 cos b2xþ C8 sin b2x, (30)

C2ðxÞ ¼ jm1C5 sin b01xþm1C6 cos b01x�m2C7 sin b2xþm2C8 cos b2x. (31)

To obtain the values of the eight constants C1 to C8, the four boundary conditions (two for
each end) and the four compatibility conditions at the cracked section must be applied, leading to
a linear algebraic homogenous system

MikCk ¼ 0 ði; k ¼ 1; . . . ; 8Þ. (32)

For non-trivial solutions of Ci, the determinant of the coefficients’ matrix must be zero:

detðMikÞ ¼ 0. (33)

The roots of this equation give the natural frequencies of the bending vibrations of the cracked
beam. Substituting natural frequencies into Eq. (32), the corresponding mode shapes
(V1ðxÞ;C1ðxÞ;V2ðxÞ;C2ðxÞ) are obtained.
4. First-order perturbative solution

The perturbation method can be applied to solve Eqs. (13)–(16). The perturbative solution is
obtained by extending the method originally proposed by Morassi [26] for the cracked
Euler–Bernoulli beam, with the assumption that the solutions for the cracked and the uncracked
beams are slightly different. Since two springs have been considered connecting the two segments
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of the beam, the solutions can be expanded in Taylor series with respect to small parameters, eR

and eT , related to the flexibilities of the rotational and extensional spring, respectively. Depending
on the shape of the cross-section and on the shape of the crack, the order of smallness of both
flexibilities could be different. Then, for example, the solution for the vertical displacement of the
first segment of the beam should be written as

V1ðxÞ ¼ V ðxÞ þ eT Y 1T ðxÞ þ eRY 1RðxÞ þOðe2T ; e
2
RÞ. (34)

However, for the special case of the rectangular cross-section, the two flexibilities are in the same
order on a (qðaÞ ¼ Oða2Þ and YðaÞ ¼ Oða2Þ, see Eqs. (11) and (12)) and, therefore, it is reasonable
to expand the solution with respect to a single parameter.
Accordingly, the following expansions are introduced:

V1ðxÞ ¼ VðxÞ þ eY 1ðxÞ þOðe2Þ, (35)

C1ðxÞ ¼ CðxÞ þ ej1ðxÞ þOðe2Þ, (36)

V2ðxÞ ¼ VðxÞ þ eY 2ðxÞ þOðe2Þ, (37)

C2ðxÞ ¼ CðxÞ þ ej2ðxÞ þOðe2Þ, (38)

L2 ¼ l2 þ em2 þOðe2Þ, (39)

e being a small parameter of the same order as the flexibility of the linear springs representing the
crack.
Substituting the new variables into Eqs. (13)–(16) and retaining the terms of the first order, the

following equations for the new variables Y 1ðxÞ, j1ðxÞ, Y 2ðxÞ and j2ðxÞ are obtained

Y 001ðxÞ þ l2s2Y 1ðxÞ � j01ðxÞ ¼ �m
2s2V ðxÞ; 0oxoe, (40)

s2j001ðxÞ � ð1� l2r2s2j1ðxÞÞ þ Y 01ðxÞ ¼ �m
2r2s2CðxÞ; 0oxoe, (41)

Y 002ðxÞ þ l2s2Y 2ðxÞ � j02ðxÞ ¼ �m
2s2V ðxÞ; eoxo1, (42)

s2j002ðxÞ � ð1� l2r2s2j2ðxÞÞ þ Y 02ðxÞ ¼ �m
2r2s2CðxÞ; eoxo1. (43)

To solve these equations, the corresponding boundary and compatibility conditions must be
applied. The boundary conditions are as follows:
Simply supported end

Y i ¼ j0i ¼ 0. (44)

Fixed end

Y i ¼ ji ¼ 0. (45)

Free end

C0i ¼ 0; Y 0i � ji ¼ 0. (46)

In the above equations i ¼ 1 for the left end and i ¼ 2 for the right one.
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The compatibility conditions at the cracked section (x ¼ e) are as follows:
Jump in the vertical displacement:

Y 2ðeÞ � Y 1ðeÞ ¼
1

e
W

L

r2

s2
qðaÞðV 02ðeÞ �C2ðeÞÞ. (47)

Jump in the rotation due to bending:

j2ðeÞ � j1ðeÞ ¼
1

e
W

L
YðaÞC02ðeÞ. (48)

Continuity of the bending moment:

j02ðeÞ ¼ j01ðeÞ. (49)

Continuity of the shear force:

Y 02ðeÞ � j2ðeÞ ¼ Y 01ðeÞ � j1ðeÞ. (50)

Multiplying Eqs. (40) and (42) by VðxÞ and Eqs. (41) and (43) by CðxÞ and integrating over the
whole length of the beam, the following equations can be written:Z e

0

½Y 001ðxÞ þ l2s2Y 1ðxÞ � j01ðxÞ�V ðxÞdx

þ

Z e

0

½s2j001ðxÞ � ð1� l2r2s2j1ðxÞÞY
0
1ðxÞ�CðxÞdx

þ

Z 1

e

½Y 002ðxÞ þ l2s2Y 2ðxÞ � j02ðxÞ�V ðxÞdx

þ

Z 1

e

½s2j002ðxÞ � ð1� l2r2s2j2ðxÞÞ þ Y 02ðxÞ�CðxÞdx

¼ �m2
Z 1

0

½s2V ðxÞ2 þ r2s2CðxÞ2�dx. ð51Þ

After two integrations by parts Eq. (51) becomes

H1 þH2 þH3 þH4 ¼ �m2H5, (52)

where H1;H2;H3;H4 and H5 have the following expressions:

H1 ¼

Z 1

0

½ðV 00ðxÞl2s2V ðxÞ �C0ðxÞÞf ðxÞ

þ ðs2C00ðxÞ � ð1� l2r2s2CðxÞÞ þ V 0ðxÞÞgðxÞ�dx, ð53Þ

where

f ðxÞ ¼
Y 1ðxÞ; 0oxoe;

Y 2ðxÞ; eoxo1;

(
gðxÞ ¼

j1ðxÞ; 0oxoe;

j2ðxÞ; eoxo1;

(
ð54Þ

H2 ¼ � Vð0ÞðY 01ð0Þ � j1ð0ÞÞ þ Y 1ð0ÞðV
0ð0Þ �Cð0ÞÞ

þ s2ðC0ð0Þj1ð0Þ �Cð0Þj01ð0ÞÞ, ð55Þ
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H3 ¼ V ð1ÞðY 02ð1Þ � j2ð1ÞÞ þ Y 2ð1ÞðV
0ð1Þ �Cð1ÞÞ

þ s2ðCð1Þj02ð1Þ �C0ð1Þj2ð1ÞÞ, ð56Þ

H4 ¼ ðY 2ðeÞ � Y 1ðeÞÞðV
0ðeÞ �CðeÞÞ þ s2C0ðeÞðj2ðeÞ � j1ðeÞÞ

� s2CðeÞðj02ðeÞ � j01ðeÞÞ þ VðeÞððY 01ðeÞ � j1ðeÞÞ � ðY
0
2ðeÞ � j2ðeÞÞÞ, ð57Þ

H5 ¼

Z 1

0

½s2V ðxÞ2 þ r2s2CðxÞ2�dx. (58)

Since V ðxÞ and CðxÞ are the solutions of Eq. (4) and (5), it follows that H1 ¼ 0 and taking into
account the boundary conditions and the compatibility conditions, H2 ¼ H3 ¼ 0 and H4 is
simplified to

H4 ¼
1

e
W

L

r2

s2
qðaÞðV 0ðeÞ �CðeÞÞ2 þ

1

e
W

L
YðaÞðC0ðeÞÞ2. (59)

Therefore, from Eqs. (39), (52), (58) and (59), an expression for L2 can finally be obtained as

L2 ¼ l2 �
W

L

ðr2=s2ÞqðaÞðV 0ðeÞ �CðeÞÞ2 þ s2YðaÞðC0ðeÞÞ2

s2
R 1
0 ðV ðxÞ

2
þ r2CðxÞ2Þdx

. (60)

This method provides expressions for the frequencies of bending vibrations of Timoshenko
cracked beams with simple boundary conditions from the well-known natural frequencies (l2) and
normal modes of vibrations (VðxÞ and CðxÞ) of the uncracked beam.
5. Application to a simply supported cracked beam

In this section, the methods explained above, valid for any kind of end support, are applied to a
simply supported cracked beam. The condition given by Eq. (26) is always satisfied for the cases
considered in the present study. The boundary conditions for the simply supported beam are:
V ð0Þ ¼ C0ð0Þ ¼ 0 and V ð1Þ ¼ C0ð1Þ ¼ 0. Substituting these boundary conditions and the
compatibility conditions expressed by Eqs. (18)–(21), in Eqs. (22)–(25), the characteristic
equation can be obtained (see appendix). Thus, solving this equation, the frequency parameter for
the cracked beam, L, is calculated.
Alternatively, a first-order perturbative solution can be obtained. Following the work of Young

[36], the mode shapes for a uniform simply supported uncracked beam can be written as

V ðxÞ ¼ D sin npx, (61)

CðxÞ ¼ cD cos npx, (62)

where D is an arbitrary constant and n is the mode number. For this case, the frequency parameter
l2 becomes

l2 ¼
1þ ðnpÞ2ðr2 þ s2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ ðnpÞ2ðr2 þ s2ÞÞ2 � 4ðnpÞ4r2s2

q
2r2s2

(63)
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and the constant c in Eq. (62) is given by

c ¼ np�
s2

np
l2. (64)

Then, substituting Eqs. (61)–(63) into Eq. (60), the following expression for L2 is obtained:

L2 ¼ l2 � 2n2p2
W

L

ðr2=s2ÞqðaÞð1� ðc=npÞÞ2 cos2ðnpeÞ þ c2YðaÞs2 sin2ðnpeÞ

s2ð1þ c2r2Þ
. (65)

For this particular case, due to the simplicity of expressions for the natural frequencies and
normal modes of the uncracked beam, the perturbation method provides a closed-form expression
for the natural frequencies of a cracked Timoshenko beam, that can be applied for small damages.
For cracked beams with other boundary conditions, the application of Eq. (60) requires the
eigenfunctions of the intact beam obtained from a 4� 4 characteristic matrix and, for these cases,
the perturbation method becomes less attractive.
Natural frequencies of a beam of length L ¼ 80mm, width, W ¼ 20mm and thickness, B ¼

10mm with a crack in two different positions, L� ¼ 40mm ðe ¼ 0:5Þ, and L� ¼ 20mm ðe ¼ 0:25Þ,
have been calculated using both the aforementioned methods. The following material
properties have been used: E ¼ 72GPa, G ¼ 27GPa and r ¼ 2800kg=m3. The parameter k
for rectangular sections is taken as 5

6
. Fig.2 shows the variation of natural frequency with

the crack depth of a beam with a crack located at its middle section ðe ¼ 0:5) for the first five
vibration modes. The natural frequency has been dimensionless corresponding to an uncracked
Euler–Bernoulli beam,

oEB
n ¼

np
L

� �2 ffiffiffiffiffiffiffi
EI

rA

s
.

The same information is shown in Fig. 3 corresponding to the case e ¼ 0:25. As can be seen, for
dimensionless crack length ao0:3 (shallow cracks), very small differences (less than 10%) have
been found between the values of natural frequencies predicted by the perturbation method and
corresponding to the direct solution. This difference increases for higher crack lengths because the
flexibility of the springs representing the crack is not small and in these cases the perturbation
theory cannot be properly applied.
6. Conclusions

Direct and perturbative solutions for the natural frequencies for bending vibrations of
cracked Timoshenko beams are provided. The beam is modelled as two segments connected
by two massless springs (one extensional and another one rotational). The differential
equations for the free bending vibrations are established and solved individually for each
segment with the corresponding boundary conditions and the appropriated compatibility
conditions at the cracked section, including discontinuities in the rotation due to bending as
well as in the transverse deflection. The problem is also solved by the perturbation method,
and the results obtained by both procedures are compared for the case of a simply supported
cracked beam.
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The perturbation method provides simple expressions for the natural frequencies of bending
vibrations of Timoshenko beams (for the case of a simply supported beam, a closed-form
expression is presented). For shallow cracks (ao0:3), the results obtained by this method are in
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agreement with those derived from the direct solution, but with less computational effort.
Therefore, it can be used to simplify complex crack detection algorithms, like based on
optimization techniques.
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Appendix A

The characteristic equation to obtain the natural frequencies for the simply supported cracked
beam is

.
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